We study the maximal cross number k(G) of a zero-sum free sequence over a finite abelian group G,
Introduction
The following notations are adapted from [1] , [12] , [15] .
Let (G, +) be a finite abelian group written additively, and let G ⋆ be the set of nonzero elements of G. For any subset G 0 ⊆ G, denote by G(G 0 ) to be the multiplicative free abelian group generated by G 0 . Similarly, we define F (G 0 ) ⊆ G(G 0 ) to be the multiplicative free abelian monoid generated by G 0 . A sequence over G 0 is an element of F (G 0 ). We may write elements of G(G 0 ) in the form S = where v g : G(G 0 ) → Z is the valuation function for g, satisfying v g (S) = 0 for all but finitely many g given any fixed S, and v g (S) ≥ 0 for all g ∈ G 0 if S ∈ F (G 0 ). The identity 1 of the monoid F (G 0 ) is the unique sequence satisfying v g (1) = 0 for all g ∈ G 0 . Given two sequences S, T ∈ F (G 0 ), we say that T is a subsequence of S, or divides S, if v g (T ) ≤ v g (S) for all g ∈ G 0 .
In such a case we may also write T |S.
The sum function σ : F (G ⋆ ) → G is defined on a sequence S as
Define the set of subsums, or sumset Σ(S) of a sequence S to be the set Σ(S) = {σ(T ) : T |S}.
We say that S has full sumset in G if Σ(S) = G. A sequence S is zero-sum if σ(S) = 0; zero-sum free if the only sequence T |S with σ(T ) = 0 is 1; and irreducible, or minimal zero-sum, if it differs from 1, is zero-sum, and has no nontrivial proper zero-sum sequence. When S is a sequence over G, let |S| = g∈G ⋆ v g (S). This is referred to as the length of S. Define the cross number of a sequence S to be
.
It is often more natural to study the cross number of a sequence than to study its length, see [1] .
The little cross number of G is defined as k(G) = max{k(S) : S is zero-sum free over G}.
Writing G as a direct sum of prime power order cyclic groups
we define
Krause and Zahlten [14] conjectured the following. (See [8] and [12] for the most recent progress on the conjecture.) Conjecture 1. The equality k(G) = k ⋆ (G) holds for all finite abelian groups G.
In this paper we specifically study the constant k(G).
Previous Results
It is not difficult to see that indexed sequences of sufficient length or cross number over any nontrivial G will not be zero-sum free, so k(G) is finite.
The lower bound k(G) ≥ k ⋆ (G) is known by construction [14] , so to prove Conjecture 1, it suffices to prove
This has already been shown in the following special cases.
Theorem 2. If G is a group of one of the following forms, then
1. [7] G is a finite abelian p-group.
[11]
C q s with distinct primes p 1 , p 2 , . . . , p r , q, and integers n 1 , . . . , n r , s ∈ N, such that either r ≤ 3 and
He [12] has shown an inductive result on the cross number. In order to state his result, we need the following definition introduced by He. [12] .) A prime p is wide with respect to an integer n if p ∤ n and the inequality
Definition 3. (See
holds. Writing
in which case we write p ≺ n. The empty product is taken to be 1. [12] .) Given a finite abelian group G, let exp(G) denote the least common multiple of the orders of all elements of G. Given a prime p and a finite abelian group G, if p ≺ exp(G) then
Theorem 4. (See
Combining Theorem 4 with Theorem 2, we can show Conjecture 1 for more general cases. For a, b ∈ N, [a, b] denotes the set of integers {m : a ≤ m ≤ b}.
Theorem 5. If G is a group of one of the following forms, then
H q with distinct primes p 1 , p 2 , . . . , p r , q, and integers n 1 , . . . , n r , s ∈ N, such that H q is a q-group and if exp(
C q s with distinct primes
It should be noted that for general forms of groups with more than two prime divisors, Conjecture 1 has only been proved for groups in which most prime divisors have only "one generator" (i.e., most Sylow p-subgroups of G are cyclic). Our work focuses mainly on attempting to go beyond this limitation.
Summary of Main Results
In the first part of this paper, we prove an inductive result building on He's result ( [12] ). We first introduce the following definition, building on the wideness definition proposed by He [12] . Definition 6. A prime p is 2-small with respect to n if p ∤ n and 2p + 2 2p
in which case we write p ≺ 2 n.
Our first main theorem bearing on Conjecture 1 is the following inductive result.
Theorem 7. Let G be a finite abelian group and p be a prime satisfying p ≺ 2 exp(G). Then the equality
as well.
In Section 4 I give a proof of this theorem. Our second main theorem pertaining to Conjecture 1 is the following (non-inductive) result.
Theorem 8. If G is a group of one of the following forms, then
1. G = H p C q k with distinct primes p, q, where H p is any finite p-group.
The proof of this theorem uses a different apporach, discussed in Section 5. Both results extend previous results. Past results either had the restriction that (1) exp(G) has a small number of prime factors or (2) G has only one generator corresponding to each prime except for at most one prime, with certain restrictions on the size of that prime number. Theorem 7 extends the proof to cases where G has two generators corresponding to each prime, and Theorem 8 applies to all groups of this form, with no conditions on the sizes of the primes.
Proof of Theorem 7
In this section, we provide an extension of He's work [12] , by showing a result of the form k(C m p
We decompose a finite abelian group G in the canonical form
where p 1 < p 2 < · · · < p r are primes and for each i ∈ [1, r], we assume
The following definition from [12] is helpful.
Following [2] and [12] , we also make the following definition.
Definition 10. By amalgamating a subsequence T of a sequence S we mean replacing T with its sum.
Amalgamating any subsequence of a zero-sum free indexed sequence keeps it zero-sum free. Thus, for a dense zero-sum free sequence, amalgamation decreases k(S). Noting this, X. He demonstrated the following restriction on dense zero-sum free sequences, which becomes a key lemma in his theorem.
Lemma 11.
(Amalgamation Lemma; see [12] ) Let G be a group of the form (4) , and suppose that a i,1 > a i,2 for some i ∈ [1, r]. Let l be a positive integer divisible by p
. If S is a dense zero-sum free sequence over G, then S contains at most p i − 1 elements of order l.
Our crucial observation is that by loosening the bound p i − 1, we can obtain results for a i, 3 , and a i,j in general. For this we consider a variant of a constant studied by Gao et al. [3, 4, 5, 6] and Moriya [16] .
Definition 12. Let G be a finite abelian group with exp(G) = e. Let s(G) be the minimum integer t with the property that any sequence of t elements in G contains an e-term subsequence with sum zero, and let η(G) be the minimum integer t ′ with the property that any sequence of t ′ elements in G contains a zero-sum subsequence with length at most e.
It is clear that η(G) ≤ s(G).
We will look at the constant η(C n p ). The relation between this constant and the little cross number is exemplified by the following lemma ("n-Amalgamation Lemma"). (4) , and suppose that a i,n > a i,n+1 for some i ∈ [1, r] . Let l be a positive integer divisible by p
Lemma 13. (n-Amalgamation lemma) Let G be a finite abelian group expressed in the canonical form
Proof. The proof is analogous to the proof of Lemma 13 in [12] .
We assume l| exp(G), for otherwise the lemma is trivial. Let
and define H l to be the subgroup of G consisting of all elements with order dividing l for any positive integer l that divides exp(G). We show that if the condition of the lemma is violated then there exists a subsequence of S l of length at most p i that can be amalgamated into one nonzero element of order dividing l/p i . Clearly, this amalgamation operation does not decrease k(S) but decreases |S|, contradicting the density of S.
Assume for the sake of contradiction that
). Consider the quotient map Q :
We may naturally extend this map to a monoid homomorphism
T has a nontrivial zero-sum subsequence T 0 with length at most p i . Let S 0 ∈Q −1 (T 0 ) be the preimage of T 0 inQ. Clearly, since S 0 is a subsequence of S, σ(S 0 ) = 0 because we assumed that S is zero-sum free. But Q(σ(S 0 )) = 0, so it follows that σ(S 0 ) ∈ ker(Q) = H l/p i , and so ord(σ(S 0 )) divides
. But then if we amalgamate S 0 , the resulting sequence will be a shorter zero-sum free sequence with cross number at least as large as the previous one (since
, which contradicts the density assumption about S.
The value of η(C n p ) or s(C n p ) is generally unknown for n ≥ 3, but the precise value of s(C 2 p ) was conjectured by Kemnitz [13] and proven by Reiher [17] . Lemma 14. (Kemnitz Conjecture: see [13, 17] 
A variant of Lemma 14 exists for η(C 2 p ). Our proof of the following lemma was independently discovered but it may exist elsewhere.
Proof. We first prove the following subclaim.
(Theorem 2) and the result follows.
Since p − 1 copies of each of (1, 0), (1, 1), (0, 1) form a sequence with no zero-sum subsequences of length at most p, we have η(
Assume X is a sequence of length 3p − 2 with no zero-sum subsequences of length less or equal to p. We follow Reiher's notation [17] (n|X) for the number of zero-sum subsequences of length n: in this case, the assumption is |X| = 3p − 2 and (1|X) = (2|X) = · · · = (p|X) = 0.
By Corollary IIa of [17] , 1 − (p|X) + (2p|X) ≡ 0 (mod p), so by assumption, 1 + (2p|X) ≡ 0 (mod p). This means that (2p|X) = 0. Now choose a zero-sum subsequence of length 2p, and remove any arbitrary element from this sequence. The remaining sequence of length 2p − 1 cannot be zero-sum (else (1|X) = 0), but it cannot be zero-sum free because of Subclaim 15.1. Thus this sequence will have a zero-sum proper subsequence, which means that the 2p-length zero-sum sequence can be split to two smaller zero-sum subsequences.
But this implies that at least one of them has length at most p, contradicting our assumption. Thus η(C 2 p ) ≤ 3p − 2 and our proof is complete. Using this value, the "2-Amalgamation lemma" can be restated as follows. . If S is a dense zerosum free sequence over G, then S contains at most 3p − 3 elements of order l.
As a consequence of Lemma 16, we have a bound on the number of terms in dense sequences. To eliminate them altogether, we need a stronger hypothesis, namely the 2-small condition. 
, then define
The result of the replacement is the sequence T = S(S ′ ) −1 S 1 S 2 . Since no element of S(S ′ ) −1 S 2 has order divisible by p a 1 , but all subsequence sums of S 1 have order divisible by p a 1 , if T contains a zero-sum subsequence, the subsequence cannot contain elements from S 1 . But then, S(S ′ ) −1 S 2 is a zero-sum free sequence because it is the result of removing and amalgamating some terms of S. Thus T is a zero-sum free sequence.
If we can show that k(T ) > k(S), or equivalently k(S 1 )+k(S 2 ) > k(S ′ ), we will have a contradiction because T is a zero-sum free sequence with larger cross number than S. Bounding k(S ′ ) by the number of terms of each order using Lemma 11, Lemma 16, and the fullness criterion, we have
Then after reorganizing terms and letting n = , we get an inequality of the form
To prove that the right-hand side is not less than 0, it suffices to show (after multiplying both sides by p , which is larger), we have
which is exactly the 2-smallness assumption.
Lemma 17 makes the inequality in the definition of 2-smallness assumption necessary.
Combining the above results, we can prove Theorem 7.
Proof of Theorem 7. The proof is similar to the proof of Theorem 7 of [12] . Assume without loss of generality that m ≥ n. Let H = C p m C p n G. By Lemma 17, there are 2p − 2 elements of order p, p 2 , . . . , p n , and by Lemma 15 of [12] , there are p − 1 elements of order p n+1 , . . . , p m . Let G ′ = C p m C p n be the p-component of H, and let S ′ be the subsequence of S consisting of elements of G ′ . Then we see that k(S ′ ) = k(G ′ ) (we know the value of k(G ′ ) from Theorem 2.) Since the cross number is maximal, the sumset σ(S ′ ) of S ′ must contain all nonzero elements of G ′ , for otherwise we can add elements of G ′ to S ′ and still have a sequence with larger cross number (violating k(S ′ ) = k(G ′ )). But then S(S ′ ) −1 cannot have any subsums lying in G ′ , for otherwise we could form a zero-sum subsequence of S with a subsequence in S ′ . Therefore, even after projecting H → G, the image of S(S ′ ) −1 is still zero-sum free. As a result, k(S(S ′ ) −1 ) ≤ k(G) since projection cannot decrease the cross number. Then we have
and the proof is complete as desired by observing that k(G H) ≥ k(G) + k(H) for any two groups G, H. (The merger of the two maximal sequences is still zero-sum free.)
Proof of Theorem 8
In this section, we provide an alternative approach by merging the terms of a sequence to simplify the problem. The main idea of this approach is that given a group G, we attempt to concatenate some terms of given order with some terms of another order, so that we can "increase" the number of terms in the zero-sum free sequence with a given prime (power) order and construct an inequality. In this section, we prove Theorem 8. Before we proceed to prove the theorem, I would like to give an example of how this methodology works.
Proof. Given a zero-sum free sequence S, for each integer n, let a(n) denote the number of elements in this sequence with order n. Write S = S p T where S p is the subsequence with elements of order p, and the rest are in T .
If we project T onto the q-coordinate, the resulting sequence is a sequence in C q of length a(q)+a(pq). Since we can find a zero-sum subsequence for every q elements, we can find ⌊ a(q)+a(pq) q ⌋ nonoverlapping zero-sum subsequences in the projection of T .
Replacing the preimage of the zero-sum subsequences mentioned above with its sum, the resulting sequence S ′ now has a(p) + ⌊ a(q)+a(pq) q ⌋ elements of order p. But since this sequence must be zero-sum free too, we have the following inequalities:
which can be rewritten as
times the inequality
to the inequality above gives
which shows that k(S) ≤ k ⋆ (G), proving the conjecture.
The same methodology applies for the proof of Theorem 8, but requires some ad hoc modifications.
Proof of Theorem 8, Part 1. We wish to show that
Fix a zero-sum free sequence S in G. It suffices to show k(S) ≤ k ⋆ (G). As in the proof of Theorem 18, denote by a(n) the number of elements of order n in the sequence S.
q m , every subsequence with cross number at least 1 in C q m will have a zero-sum subsequence with cross number at most 1. Therefore, we can find ⌊k(τ (T 0 )) + k(τ (T 1 ))⌋ nonoverlapping zerosum subsequences in the projection of T 0 T 1 .
Replace the preimage of these zero-sum subsequences with its respective sum: denote this replacement T 0 T 1 → Q 1 R 1 , where Q 1 is the "replaced" sums, and R 1 is the "leftover" elements that have not been replaced. Elements of Q 1 have order p, and Q 1 is a sequence of length ⌊k(τ (T 0 ))+k(τ (T 1 ))⌋. The replacement is expressed as follows:
Now we inductively repeat this process. For each i ≤ k, assume that S has been replaced by
onto the C q m -coordinate (denote this projection τ : G → C q m ). The resulting sequence in C q m has cross number k(τ (R i )) + k(τ (T i+1 )). Arguing as above, we can find ⌊k(τ (R i )) + k(τ (T i+1 ))⌋ nonoverlapping zero-sum subsequences in the projection of R i T i+1 .
Replace the preimage of these zero-sum subsequences with its respective sum: denote this replacement R i T i+1 → Q i+1 R i+1 , where Q i+1 is the "replaced" sums, and R i+1 is the "leftover" elements that have not been replaced as a part of a sum. Elements of Q i+1 have order p i+1 since their projection onto the C q m coordinate is zero.
Repeating this process for 1 ≤ i ≤ k, we can apply the following transformation to S:
Note that the only transformation on S was replacing some groups of elements by their sum. So the zero-sum free property is preserved on S ′ , but now all elements of the subsequence S p Q 1 · · · Q k are in H p (they have zero C q m -component).
Thus we have the inequality
We know that k(
a(p i ) p i , so it remains to determine k(Q i ) for each i. But since each Q i consists of elements of order dividing p i , we have
Thus it suffices to determine |Q i |. But from the construction process and from the definition, we know the following.
where {x} denotes the fractional part of x ({x} = x − ⌊x⌋).
For convenience we write R 0 = T 0 : this allows us to use the Q i equations even when i = 1. Rewrite Inequality 5 as
To simplify the sum
, we use the following subclaim. Lemma 19. Given a sequence t 1 , t 2 , . . . , t n ∈ Q, let s 1 , s 2 , . . . , s n be a sequence satisfying
q m s i ∈ Z for all i, we apply Lemma 19 to this sequence to obtain
Using this inequality, Inequality 6 becomes
Note that the right-hand side of the above inequality resembles the cross number of this sequence. In fact, if we add the inequality
to both sides, the right hand side becomes d|p k q m
which implies that the conjecture is true for G = H p C q m .
A similar technique works for the second part of Theorem 8.
Proof of Theorem 8, Part 2. Let
As in the proof of Theorem 18, denote by a(n) the number of elements of order n in the sequence S. Write S = S p S q S r S pq S pr S qr S pqr where S i is the subsequence of S consisting of elements of order i.
Project the subsequence S q S pq onto the C q -coordinate (denote this projection τ 1 : G → C q ). The resulting sequence in C q has cross number a(q)+a(pq) q . But every subsequence with cross number at least 1 in C q will have a zero-sum subsequence with cross number at most 1. Therefore, we can find ⌊ a(q)+a(pq) q ⌋ nonoverlapping zero-sum subsequences in the projection of S q S pq .
In the original sequence S, replace the preimage of these zero-sum subsequences with their respective sums: denote this replacement S q S pq → Q 1 R 1 where Q 1 is the "replaced" sums and R 1 is the "leftover" elements that have not been replaced. Call the resulting sequence S 1 = S p Q 1 R 1 S r S pr S qr S pqr . Elements of Q 1 have order p and Q 1 has length ⌊ a(q)+a(pq) q ⌋. Project the sequence R 1 S qr S pqr onto the C q coordinate (τ 1 ). The resulting sequence has cross number at least { a(q)+a(pq) q } + a(qr)+a(pqr) q , the first term from R 1 since it was the "remainder" from the projection above. Using analogous reasoning as above, we can find ⌊{ a(q)+a(pq) q }+ a(qr)+a(pqr) q ⌋ nonoverlapping zero-sum sequences in this projection.
In the sequence S 1 , replace the preimage of these zero-sum subsequences with its respective sum: denote this replacement R 1 S qr S pqr → Q 2 R 2 where Q 2 is the "replaced" sums and R 2 is the "leftover" elements that have not been replaced. Call the resulting sequence S 2 = S p Q 1 Q 2 R 2 S r S pr . Elements of Q 2 have order pr and Q 2 has length ⌊{ a(q)+a(pq) q } + a(qr)+a(pqr) q ⌋. Now, project the sequence Q 2 S r S pr onto the C r coordinate (denote this projection τ 2 : G → C r ). The resulting sequence in C q has cross number By an analogous logic, we can find
nonoverlapping zero-sum sequences in this projection. In the sequence S 2 , replace the preimage of these zero-sum subsequences with its respective sum: denote this replacement Q 2 S r S pr → Q 3 R 3 where Q 3 is the replaced sums and R 3 the leftover elements. Call the resulting sequence S 3 = S p Q 1 Q 3 R 2 R 3 . Now, the transformation S → S 3 consists only of replacing some elements by their sum, so S 3 still is zero-sum free. But the subsequence S p Q 1 Q 3 is a zero-sum sequence with all its elements in C p (the other coordinates are zero).
Thus we must have which proves Conjecture 1 for G = C p C q C r .
Concluding Remarks
While a verification of the conjecture for more families of groups seems within reach, a full proof of Conjecture 1 seems far away. The study of zero-sum free sequences over general finite abelian groups is limited by two obstacles, namely the number of prime divisors of exp(G) and the rank of G. Previous works such as Theorem 2 and Theorem 5 prove Conjecture 1 for groups with exp(G) having only one prime divisor ( [7] ), two divisors with some restrictions ( [11] ), or small rank ( [11] , [12] ). Our work verifies Conjecture 1 for more families of groups with exp(G) having two prime divisors (Theorem 8) and groups of rank 2 (Theorem 7). The study is especially obstacled when both the rank and the number of prime divisors of exp(G) are large. In this section, we note some observations that may help resolve this obstacle. Note in the proof of Theorem 8 for groups of the form C p C q C r that there were no assumptions made on p, q, r. This motivates us to apply the same procedure in the proof, but in different orders of the primes. Looking at the equality conditions of the proof above, we obtain the following result.
Corollary 20. For G = C p C q C r , the only zero-sum free sequences S that satisfy k(S) = k(G) are sequences that have no elements of order divisible by two or more primes.
It is not difficult to modify the logic of Theorem 8 to show that Theorem holds for G = H p C q m as well. This motivates us to conjecture the following strengthening of Conjecture 1. Our corollaries result in the following theorem.
